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Introdution
This paper is an attempt to give some general results on the tempered funda-
mental group of p-adi smooth algebrai varieties.
The tempered fundamental group was introdued in [2, part III℄ as a sort of
analog of the topologial fundamental group of omplex algebrai varieties; its
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pronite ompletion oinides with Grothendiek's algebrai fundamental group,
but it has itself many innite disrete quotients in general.
Sine the analytiation (in the sense of Berkovih or of rigid geometry) of a
nite étale overing of a p-adi varieties is not neessarily a topologial overing,
André had to use a slightly larger notion of overing. He denes tempered over-
ings, whih are étale overings in the sense of de Jong (that is to say that loally
on the Berkovih topology, it is a diret sum of nite overings) suh that, after
pulling bak by some nite étale overing, they beome topologial overings (for
the Berkovih topology). Then the tempered fundamental group is a prodisrete
group that lassies those tempered overings. To give a more handful desrip-
tion, if one has a sequene of pointed nite overings ((Si, si))i∈N suh that
the orresponding pointed pro-overing of (X, x) is the universal pro-overing of
(X, x), and if (S∞i , s
∞
i ) is a universal topologial overing of Si, the tempered
fundamental group of X an be seen as πtemp1 (X, x) = lim←−iGal(S
∞
i /X). There-
fore, to understand the tempered fundamental group of a variety, one mainly
has to understand the topologial behavior of the nite étale overings of this
variety.
There are many dierenes between the tempered fundamental group in the
p-adi ase and the topologial fundamental group in the omplex ase. First,
the tempered fundamental group is not disrete in general. It is also muh more
diult to desribe expliitly (suh a desription is available for ellipti urves,
or more generally abelian varieties as will be studied in this artile). As proved
in [13℄ (and realled in part 1.2), the tempered fundamental group of a urve
depends hugely on the ombinatorial struture of its stable redution (this sug-
gests a geometri anabelian behavior of the tempered fundamental group whih
as no algebrai or omplex ounterpart). On the other hand, the tempered
fundamental group, like the algebrai fundamental group, is also dened over
non algebraially losed nonarhimedean eld, and thus it interats interestingly
with Galois theory (whih gives it a number theoretial interest). However, in
this artile, we will only study the geometri tempered fundamental group. We
will prove here some results for the tempered fundamental group whih are las-
sial results for the pronite fundamental group or the topologial fundamental
group of omplex varieties: we will link the abelianized tempered fundamental
group of a urve to the tempered fundamental group of its Jaobian variety and
we will show a Künneth formula for the produt of manifolds. But, to illustrate
that it depends muh more on the variety itself than the pronite or the omplex
fundamental group, we will show that one an reover the metri struture of
the graph of the stable model of a Mumford urve from the tempered funda-
mental group.
After realling the basi results on the tempered fundamental group given
in [2℄ (and dedue from them the birational invariane of the tempered fun-
damental group in proposition (1.6)), we will reall the results of Mohizuki
onerning the tempered fundamental group of a urve and the stable redution
of this urve: whereas the pronite fundamental group or the topologial funda-
mental group of a smooth urve of type (g, n) only depends in the omplex ase
on g and n, the tempered fundamental group of a urve depends muh more on
the urve itself. How muh is an unsolved problem, whih is the leading thread
of the present paper.
Mohizuki thus proved in [13℄ that one ould reover from the tempered fun-
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damental group of a urve the graph of its stable redution (theorem (1.7)),
even in the pro-(p′) ase (we will denote by πtemp1 (X)
(p′)
the group lassifying
overings that beame topologial after base hange by a nite Galois overing
of order prime to p).
More preisely, the verties orrespond to the lasses of maximal subgroups of
πtemp1 (X)
(p′)
(thus alled vertiial subgroup) and the edges to non trivial lasses
of intersetion of vertiial subgroups.
We will then study the tempered fundamental group of an abelian variety in
the geometri ase. We will be able to give an expliit desription of the tem-
pered fundamental group, as was already done for ellipti urves in [2, III.2.3.2℄.
The point is that the nite étale overings are well understood (they are abelian
varieties, and they are dominated by the multipliation by n on A for some
n), and the topologial overings are well understood too, thanks to the p-adi
uniformization of abelian varieties.
We will dedue from this that πtemp1 (A) is isomorphi to Ẑ
2g−d × Zd (see
part 2.1), where g is the dimension of A and d is the rank of the topologi-
al fundamental group of A (whih is also the dimension of the tori part of the
semistable redution).
One an then prove that, just as in the pronite ase or the topologial ase, the
abelianized tempered fundamental group of a urve X is anonially isomorphi
to the tempered fundamental group of its Jaobian variety A (theorem (2.1)).
The proof ombines the birational morphism Xg/Sg → A, the birational invari-
ane of the tempered fundamental group, and the Künneth formula that will be
proved in the next part.
For more general ases, one does not have suh nie desriptions of the topo-
logial behavior of a smooth variety, not to mention the topologial behavior
of all its nite etale overings. Nevertheless, thanks to de Jong's alteration
results (see [6℄ and [7℄) and to Berkovih's work (see [3℄, realled in part 3.1)
on the topologial struture of the generi ber of a polystable formal sheme
over the integral ring of a omplete nonarhimedean eld, one an prove that
some Zariski open dense subset U of the smooth sheme X is homotopially
equivalent to a ertain polysimpliial set given by the ombinatorial struture
of the speial ber of some alteration of the variety.
One an then dedue from the results of [3℄ that for any isommetri embedding
of K in an algebraially losed eld K ′, |UK′ | → |U | is a homotopy equivalene.
Knowing this, and using a proposition of André whih says that U → X indues
an isomorphism on topologial groups, we will be able to prove the invariane of
the tempered fundamental group of a smooth sheme under algebraially losed
extensions (proposition (3.7).
In the same way, if V is a Zariski dense open subset of another smooth sheme Y
satisfying the same properties as U , one an dedue from the results of [3℄ that
|U × V | → |U | × |V | is a homotopy equivalene. Thanks to this, we will prove
a Künneth formula for the tempered fundamental group of smooth shemes
(proposition (3.8)).
Finally, we will prove in theorem (4.10) that, in the ase of a Mumford urve,
one may in fat reover the length of the edges from πtemp1 (X) (obviously, one
needs the whole πtemp1 (X) and not only the pro-(p
′) version whih only depends
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of the pro-(p′) graph of groups of the stable redution; thus this an only be
done when p 6= 0, ontrarily to Mohizuki's result).
We will dedue from Mohizuki's results that one an deide from the tempered
fundamental group of a urve whether a nite overing is split over some vertex
of the urve (and in a similar way, one an deide whether it is ramied over
some usp).
Knowing this, we will start by proving this for a puntured projetive line and
a puntured ellipti urve, to give an insight of the method in simpler ases,
where the overings we will use are desribed expliitly: for a puntured pro-
jetive line, we will onentrate on overings like ( )p
e
: Gm
z 7→zp
e
→ Gm (one
an in this ase easily alulate expliitly the number of preimage of a point of
the Berkovih projetive line), and for ellipti urves on overings obtained by
pathing of those types of overings.
In the more general ase of a Mumford urve X = Ω/Γ, we will study over-
ings of the topologial uniformization Ω that desend to some nite topologial
overing of X that behave like ( )p
e
over big anoids of Ω. More preisely,
every overing of Ω whih desends to X (in some non unique way) is the pull-
bak of ( )p
e
along a Γ-equivariant invertible setion of Ω, and onversely. The
equivariane prevents us to simply onsider a homography, but we an onsider
a setion of Ω whih is arbitrarily lose, on a given anoid subset of Ω, to an
homography. This will be enough to ensure that this overing is split over the
same verties of a big anoid subset of Ω as the one obtained by pulling bak
( )p
e
along the homography.
Using suh onstrutions, one an reover from the tempered fundamental group
the length of any loop of any topologial overing ofX . In order to get the whole
metri struture of the graph of the stable model of X , we will end this artile by
proving a purely ombinatorial result that shows that, if one knows the length
of every loop of every overing of a graph whose edges have valeny ≥ 3, one
knows the length of every edge (proposition (A.1)).
The reovering of the metri graph of the stable model from the tempered fun-
damental group an be quite easily extended to the ase of puntured Mumford
ases, but the proof does not seem to extend easily to more general urves, as
one annot nd that easily overings of order divisible by p where one an say
muh about the graph of the stable redution.
The proofs here also only onsider some very simple overings (for whih we do
not even desribe ompletely the graph of the stable model), and it is hard to
imagine what an reover from the whole tempered fundamental group.
This work is part of a PhD thesis. I would like to thank my advisor, Yves
André, for guiding my work, suggesting the main idea of some proofs presented
here, and taking the time of reading and orreting this work.
1 Tempered fundamental group
1.1 Denition
Let K be a omplete nonarhimedean eld.
Following [1, 4℄, a K-manifold will be a smooth paraompat stritly K-
analyti spae. For example, if X is a smooth algebrai K-variety, Xan is a
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K-manifold (and in fat, we will mainly be interested in those spaes). Then,
thanks to [3℄, suh a manifold is loally ontratible (we will explain in more
detail the results of [3℄ in setion 3.1).
Reall from [5℄ that a morphism f : S′ → S is said to be an étale overing if
S is overed by open subsets U suh that f−1(U) =
∐
Vj and Vj → U is étale
nite.
Then, André denes tempered overings as follows:
Denition 1.1 ( [2, def. 2.1.1℄) An étale overing S′ → S is tempered if it is
a quotient of the omposition of a topologial overing T ′ → T and of a nite
étale overing T → S.
This is equivalent to say that it beomes a topologial overing after pullbak
by some nite étale overing.
We denote by Covtemp(X) the ategory of tempered overings of X (with the
obvious morphisms).
Let x¯ be a geometri point of X . Then one has a funtor
Fx¯ : Cov
temp(X)→ Set
whih maps a overing S → X to the set Sx¯. If x¯ and x¯′ are two geometri points,
then, aording to [5, prop 2.9℄, Fx¯ and Fx¯′ are (non anonially) isomorphi.
The tempered fundamental group of X pointed at x¯ is
πtemp1 (X, x¯) = AutFx¯.
This is a prodisrete topologial group, for whih the stabilizers (StabF (S)(s))S∈Covtemp(X),s∈Fx¯(S)
form a basis of open subgroups of πtemp1 (X, x¯). The tempered fundamental
group depends on the basepoint only up to inner automorphism (this topo-
logial group, onsidered up to onjugation, will sometimes be denoted simply
πtemp1 (X)).
The full subategory of tempered overings S for whih Fx¯(S) is nite is equiv-
alent to Covalg(S), so that
̂πtemp1 (X, x¯) = π
alg
1 (X, x¯)
(where ̂ denotes here, and in the sequel, the pronite ompletion).
For any morphism X → Y , the pullbak denes a funtor Covtemp(Y ) →
Covtemp(X). If x¯ is a geometri point of X with image y¯ in Y , this gives
rise to a ontinuous homomorphism
πtemp1 (X, x¯)→ πtemp1 (Y, y¯)
(hene an outer morphism πtemp1 (X)→ πtemp1 (Y )).
One has the analog of the usual Galois orrespondene:
Theorem 1.2 ([2, Th. 1.4.5℄) Fx¯ indues an equivalene of ategories be-
tween the ategory of diret sums of tempered overings of X and the ate-
gory πtemp1 (X, x¯)− Set of disrete sets endowed with a ontinuous left ation of
πtemp1 (X, x¯).
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If S is a nite Galois overing of X , its universal topologial overing S∞
is still Galois and every onneted tempered overing is dominated by suh a
Galois tempered overing.
If ((Si, s¯i))i∈N is a onal projetive system (with morphisms fij : Si → Sj
whih maps si to sj for i ≥ j) of geometrially pointed Galois nite étale ov-
erings of (X, x¯), let ((S∞i , s¯
∞
i ))i∈N be the projetive system, with morphisms
f∞ij for i ≥ j, of its pointed universal topologial overings. Then Fx¯(S∞i ) =
πtemp1 (X, x¯)/ StabF (S∞i )(s¯
∞
i ) is naturally a quotient group of π
temp
1 (X, x¯) for
whih s∞i is the neutral element. Moreover G ats by G-automorphisms on
Fx¯(S
∞
i ) by right translation (and thus on S
∞
i thanks to the Galois orrespon-
dene of theorem (1.2)). Thus one gets a morphism πtemp1 (X, x¯)→ Gal(S∞i /X).
As f∞ij (s
∞
i ) = s
∞
j , these morphisms are ompatible withGal(S
∞
i /X)→ Gal(S∞j /X).
Then, thanks to [2, lemma III.2.1.5℄,
Proposition 1.3
πtemp1 (X, x¯)→ lim←−Gal(S
∞
i /X)
is an isomorphism.
We will also have to use the following result by André:
Proposition 1.4 ([2, prop. III.1.1.4℄) Let S be a manifold, and let Z be a
Zariski losed nowhere dense redued analyti subset. Then any topologial ov-
ering of S := S\Z extends uniquely to a topologial overing. Thus πtop1 (S, s)→
πtop1 (S, s) is an isomorphism.
We an dedue from this that:
Proposition 1.5 ([2, th. III.2.1.11, prop. III.2.1.13℄) Assume K algebraially
losed. Let S be a manifold, and let Z be a Zariski losed nowhere dense redued
analyti subset. Then the funtor from tempered overings of S to tempered
overings of S = S\Z is fully faithful. If Z is of odimension ≥ 2, this funtor
is an equivalene of ategories.
We will follow the proof of [10, or. X.3.4℄ to get the birational invariane of
the tempered fundamental group of smooth and proper K-shemes.
Reall that every rational map between smooth and properK-shemes is dened
above the omplement of a losed subset of odimension ≥ 2.
Let f : X → Y is a dominant rational map between smooth and proper K-
shemes. f is dened on a Zariski open subset U of X (denote by fU the
morphism U → Y and by iU the immersion U → X) whose omplement is of
odimension ≥ 2, one gets a funtor from Covtemp(Y ) to Covtemp(X) and one
an ompose it with a quasi-inverse of Covtemp(U) → Covtemp(X): one thus
get a funtor f∗(U) : Cov
temp(Y )→ Covtemp(X), suh that i∗Uf∗(U) is isomorphi
to f∗U . If one takes another Zariski open subset U
′
of X satisfying the same
properties, one gets that i∗U∩U ′f
∗
(U) and i
∗
U∩U ′f
∗
(U ′) are both isomorphi to f
∗
U∩U ′ ,
and thus f∗(U) and f
∗
(U ′) are isomorphi, sine X\U ∩U ′ is also of odimension ≥
2. Thus one gets an outer homomorphism of topologial groups f∗ : π
temp
1 (X)→
πtemp1 (Y ), whih does not depend on U . In partiular if f is a morphism of
shemes, one an hoose U = X and thus f∗ is the usual outer morphism
πtemp1 (X)→ πtemp1 (Y ).
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Let g : Y → Z be another dominant rational map between smooth and proper
K-sheme, it is dened on a Zariski open subset V of Y of odimension ≥ 2,
and gf : X → Z is also a dominant rational map between smooth and proper
shemes, so it is also dened over a Zariski open subset W of X of odimension
≥ 2. Let U0 = U ∩ f−1U (V ) ∩W (X\U0 does not need to be of odimension
≥ 2). There are morphisms U0 → V and V → Z representing f and g suh
that the omposed morphism (gf)U0 : U0 → Z represents gf . One then gets
that i∗U0f
∗
(U)g
∗
(V ) and i
∗
U0
(gf)∗(W ) are both isomorphi to (gf)
∗
U0
. Sine i∗U0 is
fully faithful, f∗(U)g
∗
(V ) and (gf)
∗
(W ) are isomorphi (and g∗f∗ = (gf)∗). Thus
one gets a funtor from the ategory of smooth and proper K-shemes with
dominant rational maps to the ategory of groups with outer homomorphisms.
In partiular,
Proposition 1.6 Let X → Y be a birational map between smooth and proper
K-shemes. Then
πtemp1 (X)→ πtemp1 (Y )
is an isomorphism.
If one onsiders the full subategory Covtemp(X)(p
′)
of tempered overings
that beome topologial after pullbak by a nite Galois overing of order prime
to p where p is the residual harateristi, one gets in the same fashion a pro-(p′)
version πtemp1 (X, x¯) of the tempered fundamental group (see [13, Rm. 3.10.1.℄
in the ase of a urve).
1.2 Mohizuki's results on the pro-(p′) tempered group of
a urve
Following [12, Appendix℄, a semigraph G will be given by a set V of verties, a
set E of edges and, for every e ∈ E a set with ardinality ≤ 2 of branhes Be
with a ζe : Be → V (we will say that a branh b of e abuts to v if ζe(b) = v).
We will say that a semigraph is a graph if for every e ∈ E , e has exatly two
branhes.
Reall from [13, def. 2.1℄ that if one has a semigraph G, a struture of semigraph
of anabelioid on this graph orresponds to the following data: for eah vertex or
edge x, a Galois ategory (also named onneted anabelioid in [13℄) Gx, and for
eah branh b of edge e abutting to a vertex v, a morphism of anabelioids (i.e.
an exat funtor) b∗ : Ge → Gv). Reall also that working with Galois ategories
is equivalent to working with pronite groups up to inner automorphism.
A overing S of G onsists of data (Sv, φe), where for a vertex v, Sv is an objet
of G⊤v (the ategory of arbitrary disjoint unions of onneted objets of Gv, that
is the topos π1(Gv)−Set), and for every edge e with branhes b1 and b2 abutting
to v1 and v2 φe is an isomorphism between b1∗Sv1 and b2∗Sv2 . One has a natu-
ral notion of morphism of suh overings, so that one gets a ategory Bcov(G).
Mohizuki assoiates anonially to suh a overing a semigraph of anabelioids
G′ above G.
An objet of Bcov(G) is nite if eah Sv is in Gv, topologial if for eah v Sv is
a onstant objet of G⊤v , and tempered if it beomes topologial after pulling
bak along some nite overing. The full subategory of tempered overings is
then denoted by Btemp(G) (and Balg(G) denotes the full subategory of nite
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overings; if G is onneted, then it is a Galois ategory of fundamental group
denoted as πalg1 (G)).
Then, if v is a vertex of G and F is a fundamental funtor of Gv (and thus
extends to a point of G⊤v ), one an dene a funtor F(v,F ) : Bcov(G) → Set
whih maps S to F (Sv) (if one hanges the base point (v, F ), one gets an iso-
morphi funtor), and let F temp(v,F ) be its restrition to Btemp(G). Then we dene
πtemp1 (G, (v, F )) to be Aut(F temp(v,F )).
Let (X,D) be a smooth n-pointed urve of type g over a omplete disrete
valuation eld K, let X = X\D, let (X ,D) be a semistable model over OK ,
where K is the ompletion of an algebrai losure of K, and let X = X\D.
The semigraph GcX of Xs is dened as follows: the verties are the irreduible
omponents of Xs, the edges are the nodes and the marked points. A node e has
two branhes that abut to the irreduible omponents that ontain e; a marked
point e has only one branh that abuts to the irreduible omponent ontaining
the marked point.
When X is the stable model of X , GcX will simply be denoted by GcX (or Gc
when there is no risk of onfusion).
One an endow the semigraph Gc of the speial ber Xs of X with a struture
of "semigraph of anabelioids" Gc. Indeed for a vertex vi orresponding to an
irreduible omponent Ci of Xs, onsider the open subset Ui of the normalization
C
′
i of Ci whih is the omplementary of the marked points and of the preimages
of the double points of Xs (the points of C′i − Ui thus orrespond exatly to
branhes abutting to vi). Then the group Π(vi) is the tame fundamental group
πt1(Ui) of Ui in C
′
i. The group of an edge is Ẑ(1)
(p′)
= lim←−(n,p)=1 µn(≃ Ẑ
(p′)) ((p′)
is for the pro-prime-to-p maximal quotient), whih is anonially isomorphi to
the subgroup of monodromy in πt1(Ui) of a point in C
′
i − Ui. The morphism
orresponding to a branh is the embedding of the monodromy group of the
orresponding point of C
′
i − Ui (dened up to onjugation), whereas, for an
edge with two branhes, one identies the two Ẑ(1)
(p′)
by x 7→ x−1.
If G(p′) denotes the semigraph of anabelioids obtained from G by replaing eah
pronite group by its pro-(p′) ompletion, and if πtemp1 (XK)
(p′)
is the pro-(p′)
version of the tempered fundamental group of XK ,
πtemp1 (Gc,(p
′)
X ) = π
temp
1 (XK)
(p′).
Mohizuki then shows:
Theorem 1.7 ([13, or. 3.11℄) If Xα and Xβ are two urves, every isomor-
phism γ : πtemp1 (Xα,K) ≃ πtemp1 (Xβ,K) determines, funtorially in γ up to 2-
isomorphism, an isomorphism of semigraphs of anabelioids γ′ : GcXα ≃ GcXβ .
More preisely, the following indued diagram of topologial group is ommuta-
tive:
πtemp1 (Gc,(p
′)
Xα
)
πtemp1 (γ
′(p′))// πtemp1 (Gc,(p
′)
Xβ
)
πtemp1 (Xα,K)
(p′) γ
(p′)
// πtemp1 (Xβ,K)
(p′)
8
The verties of the graph then orrespond to the onjugay lasses of max-
imal ompat subgroups of πtemp1 (X)
(p′)
(thus alled vertiial subgroups of
πtemp1 (X)
(p′)
), and edges to onjugay lass of nontrivial intersetions of ver-
tiial subgroups.
2 Abelianized tempered fundamental group of a
urve
Here, we will be interested in the tempered fundamental group of an abelian
variety and in the abelianized tempered fundamental group of a urve.
We will rst prove that if A is an abelian variety over an algebraially losed
omplete nonarhimedean eld of harateristi 0, the tempered fundamental
group is abelian and ts in a split exat sequene:
0→ T → πtemp1 (A)→ πtop1 (A)→ 0
where T is pronite (and more preisely isomorphi to Ẑn for some n).
Then we will prove that (as in the ase of algebrai fundamental groups or
omplex topologial fundamental groups) if C is a urve and A its Jaobian
variety, the natural morphism πtemp1 (C)
ab → πtemp1 (A) is an isomorphism.
2.1 Tempered fundamental group of an abelian variety
LetK be an algebraially losed omplete nonarhimedean eld of harateristi
0.
Let A be an abelian variety over K, and let g be its dimension.
Reall the basis of p-adi uniformization of abelian varieties.
By [9℄, there is a ommutative algebrai group G (more preisely a semiabelian
variety) and a surjetive analyti morphism u : Gan → Aan whih is the universal
topologial overing of A and keru is a disrete free abelian group Λ of rank d.
Moreover, we know that (A(n) → A)n∈N (N being ordered by divisibility), with
A(n) a opy of A and A(n) → A multipliation by n, is a onal family of nite
Galois overings of A (by [10, leture XI℄).
Let G(n) be the universal topologial overing of A(n) (whih is isomorphi to
G sine A(n) is isomorphi to A): one has
πtemp1 (A) = lim←−
n
Gal(G(n)/A).
Sine πtop1 (A
(n)) = πtop1 (A) = Λ ≃ Zd is residually nite and is a subgroup
of nite index of Gal(G(n)/A) , Gal(G(n)/A) is residually nite for every n, so
πtemp1 (A) is also topologially residually nite as a projetive limit of residu-
ally nite groups. Thus πtemp1 (A) → πalg1 (A) is injetive and, sine πalg1 (A) is
abelian, πtemp1 (A) is also an abelian group.
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If n|m, one has the following ommutative diagram :
0 // Gal(G(m)/G)

// Gal(G(m)/A)

// Gal(G/A) = Λ // 0
0 // Gal(G(n)/G) // Gal(G(n)/A) // Gal(G/A) = Λ // 0
.
Let us write T (G) = lim←−Gal(G
(n)/G). This is a pronite abelian group, so
it splits (anonially) as the produt of its pro-p-Sylow subgroups Tl(G).
By taking the projetive limit in the previous ommutative diagram, one gets the
following axat sequene (it is right exat beause the Gal(G(n)/G are nite):
0 // T (G) // πtemp1 (A)
// Λ // 0 ,
with πtemp1 (A) abelian. Thus it is an exat sequene of abelian groups.
But Λ is a free abelian group, so the exat sequene must be split. One thus
gets a non anonial isomorphism:
πtemp1 (A) ≃ Λ × T (G).
By taking the pro-l ompletion of the isomorphism here above, one gets:
Z
2g
l ≃ πalg1 (A)l ≃ ̂πtemp1 (A)
l
≃ Zdl × Tl(G),
and so Tl(G) ≃ Z2g−dl . We nally obtained a non anonial isomorphism:
πtemp1 (A) ≃ Zd × Ẑ2g−d.
2.2 Jaobian variety and pi
temp
1
ab
of a urve
If G is a topologial prodisrete group with a ountable basis of neighborhoods
of 1, Gab will be the topologial group G/D(G) (where D(G) is the losure of
the derived subgroup of G), it is also a prodisrete group and G→ Gab makes
Gab − Ens as a full subategory of G− Ens.
Let K be a omplete disrete valuation eld of harateristi 0, let K¯ be the
ompletion of its algebrai losure, let C be a urve over K and let A be the
Jaobian variety of CK¯ .
Let P be a losed point of CK¯ .
Consider the morphism CK¯ → A that maps x to the divisor [x] − [P ]. One
gets a homomorphism πtemp1 (CK¯ , P )
ab → πtemp1 (A, 0) that fatorizes through
πtemp1 (CK¯ , P )
ab
sine πtemp1 (A, 0) is abelian.
Theorem 2.1 The morphism πtemp1 (CK¯ , P )
ab → πtemp1 (A, 0) is an isomor-
phism.
Proof : We have a morphism Cg
K¯
→ A whih maps (x1, . . . , xg) to the divisor
[x1]+ · · ·+[xg]−g[P ] of CK¯ . This morphism is invariant by the ation of Sg on
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Cg
K¯
and thus fatorizes in a morphism C
(g)
K¯
:= Cg
K¯
/Sg → A. Remind that this
is a birational morphism and that C
(g)
K¯
is smooth over K¯ (voir [11, Th. 5.1.(a),
prop. 3.2℄).
We thus get a sequene of morphisms:
CK¯ → CgK¯ → C
(g)
K¯
→ A,
where the left morphism maps x to (x, P, . . . , P ) and where the omposed mor-
phism is the morphism that maps x to [x]− [P ].
Sine C
(g)
K¯
→ A is a birational morphism of proper smooth K¯-varieties,
πtemp1 (C
(g)
K¯
, (P, . . . , P )) → πtemp1 (A, 0) is an isomorphism aording to proposi-
tion (1.6).
Thus πtemp1 (C
(g)
K¯
, (P . . . , P )) is abelian and residually nite.
Thus πtemp1 (CK¯ , P )→ πtemp1 (C(g)K¯ , (P, . . . , P )) fatorizes through φ : π
temp
1 (CK¯ , P )
ab →
πtemp1 (C
(g)
K¯
, (P, . . . , P )).
As πtemp1 (CK¯ , P )
ab
is a projetive limit of abelian groups of nite type (and
thus residually nite groups), it must be residually nite too.
The following ommutative diagram:
πtemp1 (CK¯ , P )
ab
φ //

πtemp1 (C
(g)
K¯
, (P, . . . , P ))

πalg1 (CK¯ , P )
ab ≃ // πalg1 (C
(g)
K¯
, (P, . . . , P ))
,
whose vertial arrows are injetive, shows that φ is injetive.
One may also put an orbifold struture on C
(g)
K¯
, as being Cg
K¯
/Sg (then
πorb1 (C
(g)
K
) denotes the orresponding extension of Sg by π
temp
1 (C
g
K
), as in [2,
prop. III.4.5.8℄).
One then has the following ommutative diagram whose line is exat:
1 // π
temp
1 (C
g
K¯
, (P, . . . , P ))
i //
α
$$I
II
II
II
II
II
II
II
II
II
II
II
II
πorb1 (C
(g)
K¯
, (P, . . . , P )) //
π1

Sg // 1
πorb1 (C
(g)
K¯
, (P, . . . , P ))ab
π2

πtemp1 (C
(g)
K¯
, (P, . . . , P ))
The morphisms i, π1 and π2 are open, thus α = π2π1i is open: Imα is an open
subgroup of πtemp1 (C
(g)
K¯
, (P, . . . , P )).
But, if it is a strit subgroup, πtemp1 (C
(g)
K¯
, (P, . . . , P ))/ Imα is a nontrivial
abelian group of nite type and thus has a nontrivial nite quotient, whih or-
responds to an open subgroup of nite index of πtemp1 (C
(g)
K¯
, (P, . . . , P )) whih
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ontains Imα.
But αˆ is surjetive (sine πalg1 (CK¯)→ πalg1 (C(g)K¯ ), whih fatorizes through αˆ is
surjetive), and thus one gets a ontradition: α is also surjetive.
Let us now onsider the diagonal hommomorphism δ : πtemp1 (CK¯ , P ) →
πtemp1 (C
g
K¯
, (P, . . . , P )). By identifying πtemp1 (C
g
K¯
, (P, . . . , P )) to πtemp1 (CK¯ , (P, . . . , P ))
g
thanks to proposition (3.8) that we will prove in the next setion, δ may be iden-
tied to πtemp1 (CK¯ , P )→ πtemp1 (CK¯ , P )g : g 7→ (g, 1, . . . , 1).
Thus πtemp1 (C
g
K¯
, (P, . . . , P )) is generated by the images of σ ◦ δ when σ de-
sribes Sg, and as α is invariant by σ, α ◦ δ is surjetive, so πtemp1 (CK¯ , P )ab →
πtemp1 (C
(g)
K¯
, (P, . . . , P )) is also surjetive, thus it is bijetive.
If U is an open subgroup of πtemp1 (CK¯ , P ), the group generated by the σ(δ(U)) is
an open subgroup of πtemp1 (C
g
K¯
, (P, . . . , P )), thus, as α is open and Sg-invariant,
α ◦ δ is open, thus πtemp1 (CK¯ , P )ab → πtemp1 (C(g)K¯ , (P, . . . , P )) is also open, so it
is an isomorphism. 
3 Alterations and tempered fundamental group
In this setion we will desribe two appliations of the theorems of existene of
semistable alterations proved by de Jong to the tempered fundamental group.
Indeed, Berkovih already showed in [3, 9℄ how those alterations help building
a skeleton, homeomorphi to the geometri realization of a polysimpliial set,
on whih a Zariski open set of the variety retrats.
We will here dedue from the results of Berkovih that, in harateristi zero, the
tempered fundamental group of a smooth algebrai variety is invariant by base
hange of algebraially losed omplete elds, and that the tempered fundamen-
tal group of the produt of two smooth varieties (over an algebraially losed
base) is anonially isomorphi to the produt of the tempered fundamental
groups of eah variety.
3.1 Preliminaries about the skeleton of a Berkovih spae
Let k be a omplete nonarhimedean eld and let k◦ be its ring of integers.
Reall the denition of a polystable morphism of formal shemes:
Denition 3.1 ([3, def. 1.2℄,[4, setion 4.1℄) Let φ : X→ Y be a loally nitely
presented morphism of formal shemes.
(i) φ is said to be stritly polystable if, for every point y ∈ Y, there exists an
open ane neighborhood X′ = Spf(A) of φ(y) and an open neighborhood
Y′ ⊂ φ−1(X′) of x suh that the indued morphism Y′ → X′ goes through
an étale morphism Y′ → Spf(B0) ×X′ · · · ×X′ Spf(Bp) where eah Bi is
of the form A{T0, · · · , Tni}/(T0 · · ·Tn − ai) with a ∈ A and n ≥ 0. It is
said to be nondegenerate if one an hoose X ′, Y ′ and (Bi, ai) suh that
{x ∈ (Spf(A)η)|ai(x) = 0} is nowhere dense.
(ii) φ is said to be polystable if there exists a surjetive étale morphism Y′ →
Y suh that Y′ → X is stritly polystable. It is said to be nondegenerate
if one an hoose Y′ suh that Y′ → X is nondegenerate.
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Then a (nondegenerate) polystable bration of length l over S is a sequene of
(nondegenerate) polystable morphisms X = (Xl → · · · → X1 → S).
Berkovih denes polysimpliial sets in [3, setion 3℄ as follows.
For an integer n, denote [n] = {0, 1, · · · , n}.
For a tuple n = (n0, · · · , np) with either p = n0 = 0 are ni ≥ 1 for all i, let [n]
denote the set [n0]× · · · × [np] and w(n) will denote the number p.
Berkovih denes a ategory Λ whose objets are [n] and morphisms are maps
[m] → [n] assoiated with triples as follows. J is a subset of [w(m)] assumed
to be empty if [m] = [0], f is an injetive map J → [w(n)] and α = {αl}0≤l≤p,
where αl is an injetive map [mf−1(l)] → [nl] if l ∈ Im(f), and αl is a map
[0] → [nl] otherwise. The map γ : [m] → [n] assoiated with (J, f, α) takes
j = (j0, · · · , jw(m)) ∈ [m] to i = (i0, · · · , iw(n)) with il = αl(jf−1(l)) for
l ∈ Im(f), and il = αl(0) otherwise.
Then a polysimpliial set is a funtor Λop → Set, they form a ategory denoted
Λ◦ Set.
Let ∆ be the strit simpliial ategory of integers with inreasing maps. Strit
simpliial sets are simple examples of polysimpliial sets by extending to∆◦ Set→
Λ◦ Set the funtor ∆→ Λ, that maps [n] to itself, suh that it ommutes with
diret limits.
Berkovih then onsiders a funtor Σ : Λ → Ke (where Ke is the ategory of
Kelley spaes, i.e. topologial spaes X suh that a subset of X is losed when-
ever its intersetion with any ompat subset of X is losed) that takes [n] to
Σn = {(uil)0≤i≤p,0≤l≤ni ∈ [0, 1][n]|
∑
l uil = 1}, and takes a map γ assoiated
to (J, f, α) to Σ(γ) that maps u = (ujk) to u
′ = (u′il) dened as follows: if
[m] 6= [0] and i /∈ Im(f) or [m] = [0] then u′il = 1 for l = αi(0) and u′il = 0 oth-
erwise; if [m] 6= [0] and i ∈ Im(f), then then u′il = uf−1(i),α−1
i
(l) for l ∈ Im(αi)
and u′il = 0 otherwise. Berkovih thus gets a funtor, the geometri realization,
| | : Λ◦ Set→ Ke by extending Σ suh that it ommutes with diret limits.
Berkovih attahed to a polystable bration over X = (Xl → Xl−1 → · · · →
Spf(k◦)) a polysimpliial set Cl(Xs) (whih only depends on the speial ber)
and a subset of the generi ber Xl,η (this is a Berkovih spae) of Xl named
the skeleton of X and denoted by S(X) whih is anonially homeomorphi to
|Cl(Xs)| (see [3, th. 8.2℄), suh that Xl,η retrats by a proper strong deformation
onto S(X).
In fat, when X is non degenerate (for example generially smooth, we will in
fat only use the results of Berkovih to suh polystable brations), the skeleton
of X only depends on Xl (suh a formal sheme that ts into a polystable bra-
tion will be alled a pluristable morphism, and we will note S(Xl) this skeleton)
aording to [4, prop. 4.3.1.(ii)℄. In this ase [4, prop. 4.3.1.(ii)℄ give a simple
expliit desription of S(Xl). For any x, y ∈ Xl,η, we note x  y if for every
X′ → Xl and every point x′ over x, there exists y′ over y suh that for every
f ∈ O(Xη), |f(x′)| ≤ |f(y′)| ( is a partial order on Xl,η). Then S(Xl) is just
the set of maximal points of Xl,η for .
We will not give in full detail the onstrution of Cl(Xs) (we will not need
it). Rather, we will give some examples for a polystable bration of length 1
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(they are all easily dedued from the onstrution explained in [3, setion 3℄).
If X is just Spf(B0) ×Spf k◦ · · · ×Spf k◦ Spf(Bp+1) where eah Bi is of the form
k◦{T0, · · · , Tni}/(T0 · · ·Tni − ai) with ai ∈ k◦, |ai| < 1 for i < p and |ap+1| = 1,
then C1(X→ Spf(k◦)) is just [n] with n = (n0, · · · ,np).
If X is just a semistable formal sheme over Spf(k◦), then C1(X → Spf(k◦)) is
a simpliial set.
For example, if X is a semistable model of a omplete urve (then it is learly
polystable over k◦), the polysimpliial set dened by Berkovih is just the graph
of the stable redution dened in the previous setion (a graph an be onsid-
ered as a simpliial set of dimension 1, and thus as a polysimpliial set).
If (X ,D) is a semistable model of a urve (not neessarily omplete), the graph
of (X ) is the semigraph of X = X\D in whih one deleted all the edges with
only one branh. The retration of (X η)an to the geometri realization of this
graph restrits to a retration of (Xη)an thanks to [3, or. 8.4℄.
The retration to S(X) ommutes with étale morphisms:
Theorem 3.2 ([3, th. 8.1℄) One an onstrut for every polystable deformation
X = (Xl
fl−1→ · · · f1→ X1 → Spf(k◦)) a proper strong deformation retration
Φl : Xl,η × [0, l]→ Xl,η of Xl,η onto the skeleton S(X) of X suh that :
(i) S(X) =
⋃
x∈S(Xl−1)
S(Xl,x), where Xl−1 = (Xl−1 → · · · → Spf(k◦)), and
fl−1,η(xt) = fl−1,η(x)t−1 for every t ∈ [1, l];
(ii) (xt)t′ = xmax(t,t′);
(iii) x 6 xt;
(iv) for every x and i 6 l−1, there is t′ ∈ [i, i+1] suh that xt = xi if t ∈ [i, t′]
and t 7→ xt is injetive over [t′, i+ 1];
(v) for every t, π(xt) is ontained in the same stratum of Xl,s as π(x); more-
over π(xl) is the generi point of this stratum and π(xi) = π(xt) for every
0 6 i 6 l − 1 and every t ∈ [i, i+ 1];
(vi) if φ : Y → X is a morphism of brations in Pstfétl , one has φl,η(yt) =
φl,η(y)t for every y ∈ Yl,η.
Berkovih dedues from the funtoriality of the retration with respet to étale
morphisms the following orollary:
Corollary 3.3 ([3, or 8.5℄) Let X be a polystable bration over k′◦ (where k′
is a nite normal extension of k) with a normal generi ber Xl,η. Suppose we
are given an ation of a nite group G on X over k◦ and a Zariski open dense
subset U of Xl,η. Then there is a strong deformation retration of the Berkovih
spae G\U to a losed subset homeomorphi to G\|Cl(X)|.
More preisely, in this orollary, the losed subset in question is the image of
S(X) (whih is G-equivariant and ontained in U) by U → G\U .
Reall that the skeleton is funtorial for pluristable morphisms:
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Proposition 3.4 ([4, prop. 4.3.2.(i)℄) If φ : X → Y is a pluristable morphism
between nondegenerate pluristable formal shemes over k◦, φη(S(X)) ⊂ S(Y).
In fat, more preisely, from the onstrution of S, S(Y) =
⋃
x∈S(X) S(Yx).
Reall also that, if k¯ is algebraially losed, the polysimpliial omplex of a
polystable bration ommutes with base hange:
Proposition 3.5 ([3, prop. 6.10℄) If X is a polystable bration over a eld K,
there exists a nite separable extension K ′ of K suh that for any bigger eld
K ′′, C(X ⊗K ′′)→ C(X ⊗K ′) is an isomorphism.
In order to use the previous desription of the Berkovih spae of a sheme
with a model over k◦ whih admits a polystable bration for understanding the
topology of a smooth sheme over k, we will need de Jong's result about the
existene of alterations by suh pluristable shemes over k◦.
More preisely we will use the following onsequene of de Jong's theory given
by Berkovih (as we will work over valuation elds of harateristi 0, we give
here only a restrited version in this ase):
Lemma 3.6 ([3, lem. 9.2℄) Let A be a Henselian valuation ring with fration
eld of harateristi 0, let X be an integral sheme proper at and nite pre-
sentation over A, with an irreduible generi ber of dimension l. Then there
is:
(a) a nite Galois extension of the fration eld of A, with ring of integers A′,
(b) a polystable bration X ′ = (X ′l → · · · → X ′0 = SpecA′), where every
morphism is projetive of dimension 1 with smooth geometrially irreduible
generi bres,
() an ation of a nite group G on X ′ over A,
(d) a ommutative diagram
X ′l
φ //

X

Spec(A′) // Spec(A)
where φ is a dominant G-equivariant morphism suh that the generi ber
is generially étale with Galois group G.
3.2 Invariane of pi
temp
1 by base hange of algebraially losed
elds
LetX be a smooth algebrai variety over an algebraially losed omplete nonar-
himedean eld K of harateristi 0.
Let Xi → X be a nite étale onneted Galois overing and U0 a dense ane
Zariski open subset of Xi, and let us embed (e.g. by [3, lem 9.4℄) U0 in a sheme
Xi whih is proper , of nite presentation and at over OK .
Then there is by lemma (3.6) a generially smooth polystable bration X ′i over
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OK endowed with an ation of a group G suh that (X
′
i, G) is a Galois alteration
of Xi.
Let U be a dense Zariski open subset of Xi inluded in U0 (and therefore in Xi)
suh that U ′ → U is nite (where U ′ is the pullbak of U in X ′i).
Then Uan retrats by strong deformation on G\S(X ′i,s) by orollary (3.3).
Let K ′/K an algebraially losed extension of omplete valued elds and let
x′ a geometri point with image.
Xi,K′ → XK′ is also a nite étale onneted Galois overing (by [10, or X.1.8℄),
X ′i,0K′ is also a polystable bration endowed with an ation of G and (X
′
i,OK′
is also a Galois alteration of Xi,K′ , nite over UK′ .
Thus, as in the previous ase, UanK′ retrats on the losed subset G\S(X ′i,K′)
(and the natural morphism UanK′ → Uan maps S(X ′i,K′,s) to S(X ′i,s).
But C(X ′i,K′,s) → C(X ′i,s) is an isomorphism aording to proposition (3.5).
The morphism UanK′ → Uan is thus a homotopy equivalene.
One has the following 2-ommutative diagram :
Covtop(UK′) Cov
top(U)oo
Covtop(Xi,K′)
OO
Covtop(Xi)
OO
oo
.
The vertial arrows are equivalenes by proposition (1.4), and the top arrow is
also an equivalene by what has just been shown.
Thus, if x′i is a geometri point of Xi,K′ with image xi in Xi, π
top
1 (Xi,K′ , x
′
i)→
πtop1 (Xi, xi) is an isomorphism.
If X∞i is the universal topologial overing of Xi and X
∞
i,K′ is the universal
topologial overing of Xi,K′ , one has X
∞
i,K′ = (X
∞
i )K′ .
Therefore Gal(X∞i,K′/XK′) = Gal(X
∞
i /X).
By taking the projetive limit over a onal projetive system of geometrially
pointed (the points being dened in a big enough valuation eld Ω) Galois
overings ((Xi)i, xi)i∈N ((Xi,K′ , x
′
i)i∈N, where x
′
i is some point of Xi,K′ over
xi, is then also a onal projetive system of Galois overing of XK′ by [10,
leture XIII℄), one gets :
Proposition 3.7 The morphism πtemp1 (XK′ , x
′) → πtemp1 (X, x) is an isomor-
phism.
3.3 Produts and tempered fundamental group
Let Y be another smooth algebrai variety over K, Yj → Y a nite étale on-
neted Galois overing, Yj a sheme whih is proper, of nite presentation and
at over OK , in whih is embedded a dense ane open subset V0 of Yj , and let
(Y ′j , H)→ Yj a Galois alteration and Y ′j → OK a polystable bration.
Let also V ⊂ Yj be a dense Zariski open subset, inluded in V0 suh that V ′ → V
is nite.
Then, as for X , V an retrats by strong deformation over H\|C(Y ′j,s)|.
One get the same results for Xi × Yj :
X ′i × Y ′j → Xi × Yj is a Galois alteration of group G ×H , and U × V retrats
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on (G×H)\S(Xi × Yj).
But the pluristable maps Xi× Yj → Xi and Xi× Yj → Yj map S(Xi× Yj) into
S(Xi) and S(Xj) respetively. Whene a map f : S(Xi × Yj)→ S(Xi)× S(Yj)
(and it is ompatible with the ation of G×H). But as
S(Xi × Yj) =
⋃
x∈S(Xi)
S((Xi × Yj)x) =
⋃
x∈S(Xi)
S(Yj ⊗H(x))
and S(Yj ⊗H(x))→ S(Yj) is an isomorphism aording to proposition (3.5), f
is bijetive. But S(Xi × Yj) is ompat, and thus f is an isomorphism.
Thus (G×H)\S(Xi × Yj)→ G\S(Xi)×H\S(Yj) is an isomorphism.
Thus (U × V )an → Uan × V an is a homotopy equivalene (the produt on the
right is the produt of topologial spaes), and by applying proposition (1.4) to
U ⊂ Xi, V ⊂ Yj and U × V ⊂ Xi × Yj , one gets that
πtop1 (Xi × Yj , (xi, yj))→ πtop1 (Xi, xi)× πtop1 (Yj , yj)
is an isomorphism.
So (Xi × Yj)∞ = X∞i × Y∞j and
Gal((Xi × Yj)∞/(X × Y )) = Gal(X∞i /X)×Gal(Y∞j /Y ).
If (Xi, xi)i and (Yj , yj)j are onal projetive systems of onneted geometrially
pointed Galois overings of X and Y , (Xi×Yj , (xi, yj))(i,j) is a onal projetive
system of onneted Galois overings of X × Y by [10, leture XIII℄.
By taking the projetive limit over (i, j) in the previous isomorphism, one gets:
Proposition 3.8 πtemp1 (X × Y, (x, y)) → πtemp1 (X, x) × πtemp1 (Y, y) is an iso-
morphism.
4 Metri struture of the graph of the stable model
of a urve
The main goal of this setion is to prove that the metri struture of the graph of
the stable model (or equivalently, the graph struture of the skeleton of the urve
onsidered as a Berkovih spae, as realled in setion 3.1) of a Mumford urve
an be reovered from the tempered fundamental group of this urve. We will
only onsider the ase of mixed harateristi (in the ase of equal harateristi
0, this is surely false, as the whole tempered fundamental group an be reovered
only from the graph of groups assoiated with the stable redution of the urve
aording to [13, ex. 3.10℄).
Denition 4.1 A metri struture over a graph G is a funtion
d : {edges of G} → R>0.
For any e, d(e) is alled the length of the edge e with respet to the metri
struture d.
A graph endowed with a metri struture is alled a metri graph.
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For a urve X over an algebraially losed omplete nonarhimedean eld k
with a semistable model X , let e be an edge of the graph of this semistable
redution (that is a node of Xs). Then etale loally at this node, X is étale over
k◦[X0, X1]/(X0X1 − a) with a ∈ k◦. Aording to [14, or. 2.2.18℄, |a| does not
depend of any hoie. Then we will denote d(e) = − logp(|a|), whih denes a
natural metri struture on the graph of the stable redution of X .
For example, if X is the stable model of P1\{0, 1,∞, λ} with |λ| < 1 then the
graph of X has a single edge of length − logp(|λ|).
We already know, thanks to [13, ex. 3.10℄ that one an reover the graph
of the stable model from the tempered fundamental group. In fat we will
dedue from Mohizuki's study that one an reover, for every nite index open
subgroup of the tempered fundamental group and every vertex of the skeleton
of the urve, whether the orresponding overing of the urve is split over this
vertex (an étale overing X ′ → X of manifolds will be said to be split over a
point x ∈ X if, for every x′ ∈ X ′ over x, H(x) → H(x′) is an isomorphism; if
X ′ → X is a overing of order n, then it is split over x if and only if the ber
of x has ardinality n, if and only if, loally in a neighborhood of x, X ′ → X
pulls bak to a topologial overing thanks to [2, III.1.2.1℄).
This suggests to onsider how nite étale overings of a Mumford urve are split
over vertex points. No one knows, as far as I know, how to determine in general
if a overing is split over some point of the Berkovih spae. However, studying
simple overings may be enough to see that the metri struture of the skeleton
must play a role in the struture of the tempered fundamental group.
More preisely,
Lemma 4.2 The overing Gm
z 7→zp
e
→ Gm is split over a Berkovih point B(1, r)
orresponding to the ball of enter 1 and ray r with r < 1, if and only if r <
p−e−
1
p−1
.
More preisely, B(1, r) has pi preimage if:
• r ∈]p− pp−1 , 1], if i = 0;
• r ∈]p−i− pp−1 , p−i− 1p−1 ], if 1 ≤ i ≤ e− 1;
• r ∈ [0, p−e− 1p−1 ], if i = e.
Proof : Let g : z 7→ zp, and let us alulate g(B(h′, r)) with |h′| = 1 and r < 1.
Let f ′h : z 7→ (z + h′)p − h′p =
∑p
i=1 aiz
i
with |ap| = 1 and |ai| = p−1 if
1 ≤ i ≤ p− 1.
Then g(B(h′, r)) = B(h′p, r′) with
r′ = max
|z|<r
|f(z)| = max |ai|ri = max{rp, rp−1} =
{
rp−1 if r ≤ p− 1p−1
rp if r ≥ p− 1p−1
Moreover let h be of norm 1, let h1/p be a pth root of h, and let r′ < 1. Then
|h′p − h| = ∏ζ∈µp |h′ − ζh1/p| ≤ r′ implies that there exists ζ0 ∈ µp suh that
|h′ − ζ0h1/p| ≤ r′1/p (i.e. B(h′, r′1/p) = B(h1/p, r′1/p)).
Suppose now |ζ − ζ′| = p− 1p−1 . Sine |ζ − ζ0| = p−
1
p−1
if ζ ∈ µp\{ζ0}, |h′ −
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h1/pζ| = p− 1p−1 if ζ ∈ µp\{ζ0} and thus |h′−h1/pζ0| = |h′p−h|/
∏
ζ∈µp\{ζ0}
|h′−
h1/pζ| ≤ pr′ (i.e. B(h′, pr′) = B(ζ0h1/p, pr′)). Thus
g−1(B(h, r′)) =
{
{B(ζh1/p, pr′)}ζ∈µp if r′ ≤ p−
p
p−1
{B(ζh1/p, r′1/p)}ζ∈µp if r′ ≥ p−
p
p−1
Sine |ζ − ζ′| = p− 1p−1 if ζ 6= ζ′ ∈ µp, one gets that g−1(B(h, r′)) has a single
element if r′ ≥ p− pp−1 and p otherwise. Thus ones gets the wanted result when
e = 1.
In the general ase, one uses indution on e by deomposing z 7→ zpe in z 7→
zp
e−1 7→ zpe . 
Thanks to this, we will rst study the ase of the projetive line minus some
points and, by utting and pasting this kind of overing, the ase of a puntured
ellipti urve.
For the more general ase of a Mumford urve X , we will also study the stru-
ture of Z/peZ-torsors. The theory of theta funtions as an be found in [16℄
and [15℄ tells us that the pullbak to the universal topologial overing Ω of
suh a torsor is in fat the pullbak of Gm
z 7→zp
e
→ Gm along some theta funtion
Ω → Gm, whih in turn orresponds to some equivariant urrent over the tree
T(Ω) of Ω. Therefore, we will begin our study by proving that if two urrents o-
inide over a suiently big part of T(Ω), the quotient of the two orresponding
invertible funtions is nearly onstant over some smaller part of T(Ω) and thus
the two orresponding Z/peZ-torsors are split over the same verties in this part
of T(Ω). Thus, we will onsider some urrents whih, over some "big" part of
Ω, oinides with the one orresponding to a homography invertible over ω and
whih is equivariant under some subgroup of nite index of Gal(Ω/X). Then
we onsider the orresponding Z/peZ-torsor over some nite étale overing of
X whih will behave like Gm
z 7→zp
e
→ Gm over some part of T(Ω).
We will dedue from this that the length of every loop of every nite topolog-
ial overing of the graph of the stable model of X an be reovered from the
tempered fundamental group. A nal ombinatorial onsideration will give us
what we wanted.
4.1 Preliminaries
Let K be a omplete nonarhimedean eld of harateristi 0, K◦ its integral
ring, k its residual eld, assumed of harateristi p > 0, and let K be the
ompletion of the algebrai losure of K (with integral ring K
◦
).
From now on, we assume that we have hosen a ompatible system of roots
of 1 in K, so that we may identify µn and Z/nZ. Thus we will often talk of
Z/nZ-torsors over a urve over K when we should better talk of µn-torsors.
Let XK a smooth urve of type (g, n) over K and let YK → XK a geometrially
onneted nite étale overing of XK .
Let Π = πtemp1 (XK) and H ⊂ Π the open subgroup of nite index orre-
sponding to YK .
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By hanging K by a nite extension, one may assume that XK and YK have
a stable model over K◦, denoted X and Y .
One then have a unique morphism ψ : Y → X extending YK → XK .
By theorem (1.7), one may rebuild from the topologial group Π the semi-
graph of groups G of Xk. Likewise, one may rebuild from H the semigraph of
groups H of Yk.
We are now interested in reonstruting from πtemp1 (YK) → πtemp1 (XK) what
data an be reovered of the preimage of the usps and verties of the skeleton
of XK .
4.1.1 Cusps
Let y be a usp of Yk (orresponding to a usp y
′
of YK) and let x be its image
in Xk (orresponding to a usp x
′
of XK).
Let I ⊂ H(p′) be an inertia group of y. The image of I in Π(p′) is an open
subgroup (and thus it is nontrivial) of an inertia group of x. Sine the inter-
setion of the inertia group of two dierent usps is {1}, the image of I is not
ontained in any other inertia group of a usp of Xk, thus x is haraterized
by the morphism H → Π as being the only usp of XK suh that the inertia
groups of y map by H → Π to inertia groups of x.
Thus one may rebuild from H ⊂ Π the map from the usps of Yk to the usps
of Xk. In partiular, one may deide whether the morphism Y → X is ramied
at x′.
4.1.2 Verties of the skeleton
If X0 is an irreduible omponent of Xk, let Y0 be an irreduible omponent of
Yk whih maps surjetively to X0. Then the morphism between the omponents
of the graphs of groups Π
(p′)
Y0
→ Π(p′)X0 is open (in partiular, its image is non
ommutative) sine it embeds in the following ommutative diagram
Gal
(
K(Y0)/K(Y0)
)


 // Gal
(
K(X0)/K(Y0)
)

Π
(p′)
Y0
// Π(p
′)
X0
,
where the upper arrow is an open embedding and the vertial arrows are pro-
jetions.
Sine Π
(p′)
X0
→ Π(p′) (dened up to onjugation) is injetive, the image of Π(p′)Y0
in Π(p
′)
(dened up to onjugation) is non ommutative, and thus Π
(p′)
X0
is the
only vertiial subgroup of Π(p
′)
whih ontains the image of Π
(p′)
Y0
.
Moreover, if Y0 is an irreduible omponent of Yk whih does not map sur-
jetively onto an irreduible omponent of Xk, the image of Π
(p′)
Y0
in Π(p
′)
is
ommutative, so the embedding H → Π deides whih omponents of Yk maps
surjetively onto whih omponents of Xk.
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In partiular, one may rebuild from H → π the ardinal of the preimage by Yk
of the generi points of Xk.
Equivalently, if x0 is a vertex of the skeleton of X
an
K
, one may rebuild the ar-
dinal of its preimage in Y an
K
.
Indeed, let us write π for the ontinuous map from the generi analyti ber to
the speial bre. x1 = π(x0) is the generi point of an irreduible omponent of
Xk, every preimage y1 of x1 by ψ is a generi point of an irreduible omponent
of Yk, π
−1(y1) is redued to a single element by [3, or. 1.7℄, whih must map
to x0 beause π
−1(x1) = {x0} by [3, or. 1.7℄. Thus ψan,−1(x0) is in natural
bijetion with ψ−1(x1).
4.2 Case of P
1\{z1, . . . , zn}
Let  = α, β.
Let z,1, · · · , z,n ∈ Qnrp , with n > 4.
Let us write X = P
1\{z,1, . . . , z,n}.
Let Π = π
temp
1 (P
1\{z,1, . . . , z,n}). We already know that an isomorphism
φ : Πα ≃ Πβ indues an isomorphism between the semigraphs of the stable
redutions of P1\{zα,1, . . . , zα,n}. After reordering the zβ,i, we may assume
that this morphism of semigraphs identies the inertia subgroup (dened up to
onjugation) of the usp zα,i with the inertia subgroup of the usp zβ,i.
Theorem 4.3 The isomorphism of graphs thus dened by φ between the skele-
tons of (P1\{zα,1, . . . , zα,n})an and (P1\{zβ,1, . . . , zβ,n})an preserves lengths of
edges ( i.e. it indues an isomorphism of metri graphs).
Equivalently, for every (i1, i2, i3, i4), one gets the equality of ross-ratios' norms:
|(zα,i1 , zα,i2 , zα,i3 , zα,i4)| = |(zβ,i1 , zβ,i2 , zβ,i3 , zβ,i4)|.
In fat, we will be able to prove this result without assuming z,1, · · · , z,n ∈
Qnrp after studying the ase of an ellipti urve (this will give the result for
p 6= 2) and without any assumption after studying the ase of a Mumford urve.
Proof : Aording to setion 4.1.1, if Hα and Hβ = φ(Hα) are nite index
open subgroups orresponding to eah other by φ, we know that the orrespond-
ing overing of Xα is ramied outside {zα,i1 , zα,i2 , zα,i3 , zα,i4} if and only if the
orresponding overing of Xβ is ramied outside {zβ,i1 , zβ,i2 , zβ,i3 , zβ,i4}.
Thus φ indues an isomorphism between the πtemp1 (P
1\{z,i1 , z,i2 , z,i3 , z,i4})
(it is the projetive limit of the disrete quotients G of Π whih have a nite
quotientG1, orresponding to a overing ofP
1
unramied outside {z,i1 , z,i2 , z,i3 , z,i4}
suh thatKer(G → G1,) is a free group (or, equivalently here, is torsion free)).
We thus may assume that n = 4. We may also assume, after a base hange of
an homography, that the usps 0, 1,∞ are λ. Moreover, we may assume that
X does not have good redution (in whih ase there is nothing to prove), and
thus that vp(λ−1) > 0 (it is an integer sine λ ∈ Qnrp ) after permuting 0, 1 and
∞ by another homography. We now have to prove that vp(λα−1) = vp(λβ−1).
Assume, ab absurdo, that vp(λα − 1) < vp(λβ − 1). Let e := vp(λβ − 1)− 1 >
vp(λalpha − 1) and let H be the subgroup of Π of index pe orresponding to
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the unique onneted overing Y → X of degree pe unramied outside 0 and
∞ (this is the morphism z 7→ zpe from P1 to P1). One has φ(Hα) = Hβ by
setion 4.1.1.
But, aording to lemma (4.2), B(1, r) (the point of the Berkovih spae of
P1 orresponding to the ball of radius r and enter 1) has pe−1 preimages if
p−(e+
1
p−1 ) 6 r < p−(e−1+
1
p−1 )
and has pe preimages if r < p−(e+
1
p−1 )
.
Thus if p 6= 2, B(1, |λα − 1|) has pe−1 preimages if Yα and B(1, |λβ − 1|) has pe
preimages in Yβ , whih ontradits the result of part 4.1.2.
In the ase p = 2 and e > 2, B(1, |λα − 1|) has 2e−2 preimages in Yα
and B(1, |λβ − 1|) has 2e−1 preimages in Yβ , whih ontradits the result of
part 4.1.2.
If e = 1, and therefore v2(λα) = 1 end v2(λβ) = 2, the semigraph of the
redution of Yα → Xα is (we marked the dierent usps of Yα, and
√
λ is a
square root of λ):
∞ √λα
•
}}}}}}}}}} −√λα
• •
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The semigraph of the stable redution of Yβ is
∞ √λβ
−√λβ
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1
0 −1
They are not isomorphi, and thus one also gets a ontradition.

4.3 Case of a puntured ellipti urve
Let  = α, β
Let X be two puntured Tate urves C
∗
p/q
Z
 − {1} with |q| < 1.
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Let Π = π
temp
1 X) and let φ : Πα ≃ Πβ be an isomorphism.
Theorem 4.4 |qα| = |qβ |
Proof :
Let us hoose integers n, l and m suh that:
• n is prime to p andn > vp(qβ)vp(qα)(p−1)|vp(qβ)−vp(qα)|p ,
• l > 1 + 2np(p−1)vp(q) ,
• m > 2ln .
Let H0, = [Π,Π]Π
n
 be the preimage in Π of the image by the mul-
tipliation by n in the abelianized group of Π. φ indues an isomorphism
H0,α → H0,β .
The overing Y0, of X orresponding to H is the multipliation X
×n→ X
by n on the ellipti urve X.
Let now H1, be the subgroup of H0, orresponding to the unique on-
neted topologial overing Y1, of degree n of Y0,.
Y1,sq ≃ C∗p/qmZ − {q
a
n ζb}(a,b)∈Z2 où q 1n is an n-th root of q and ζ is an n-th
root of 1.
The semigraph of the stable redution of Y1, has mn verties joined in irle
(the distane of suh two suessive verties is vp(q)/n) and n usps abuts to
eah vertex.
φ indues an isomorphism H1,α ≃ H1,β whih itself indues an isomorphism
between the semigraphs of the stable redution of Y1,. Let us number from 0
to mn− 1 the verties of the graphs by following the irle ompatibly with the
isomorphism indued by φ (let us write x,0, · · · , x,mn−1 for the orresponding
verties of the skeleton of Y1,).
Let zα,0 and zα,,l be two usps of Y1,α abutting to the verties of the graph
numbered 0 and l respetively. Let zβ,0 and zβ,1 be the orresponding usps of
Y1,β .
Let us now fous on Fp-torsors over Y 1, whih are unramied outside z,0
and z,l. They are the elements of an Fp-vetor spae V of dimension 3.
Reall that we hose m,n and l so that l−1n vp(q) >
2p
p−1 and
mn−l
n vp(q) >
l
nvp(q).
We will now desribe a base of this Fp-vetor spae.
Let S be the universal topologial overing of Y 1,, we identify it with
P1\{0,∞} ⊂ P1. Let s,0 and s,l the unique preimages in S of Z,0 and
z,l of norm 1 and |q| lmn and let U1, ⊂ S be the open rown {|q| l−mn2n > |z| >
|q| l+mn2n } and U2, ⊂ S the open annulus {|q| ln p−
p
p−1 > |z| > |q|mp
p
p−1 }.
The maps fom U1, and from U2, to Y 1, still are open embeddings whih,
together, over Y 1,.
Let T1, the restrition to U1, of the ramied (only over s,0 and s,l) overing
P1 → P1 : z 7→ s,0z
p+s,l
zp+1 , whih is Galois of Galois group isomorphi to
Z/pZ, and let us hoose suh an isomorphism to get a Z/pZ-torsor. Let T2,
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be the trivial Z/pZ-torsor over U2, and let T3, = T1,
∐
T2, → U3, =
U1,
∐
U2,.
Over U1, ×Y 1, U2, (whih has two onneted omponents), T1, is trivial.
Let us hoose a trivialization : one may now desend T3, → U3, into a Z/pZ-
torsor T → Y 1,, whih is only ramied over z,0 and z,l.
Aording to lemma (4.2), T → Y 1, is split over xi (with i ∈ [0,mn− 1]) if
and only if |q| in ∈ [|q|mp
p
p−1 , |q| ln p−
p
p−1 ], i. e.
i ∈ I1, := [l + np
vp(q)(p− 1)
,mn− np
vp(q)(p− 1)
].
There is suh an integer thanks to the assumption about l,m and n beause
lg(I1,) = mn− l − 2
np
vp(q)(p− 1) > 1
(where lg denotes the length of an interval).
Likewise, let s′,l be a preimage of z,l of norm |q|
l−mn
n
, let U ′1, be the rown
{|q| l−2mn2n > |z| > |q| l2n }, U ′2, the rown {p−
p
p−1 > |z| > |q|mn−ln p
p
p−1 }.
They are open subsets of Y 1, and over it.
Let T ′1, be a Z/pZ-torsor over U
′
1 obtained as the restrition of a Z/pZ-torsor
over P1 ramied only above z,0 and z
′
,l. It is trivial over U
′
1,∩U ′2,, and, by
hoosing suh a trivialization, one gets by desent a Z/pZ-torsor T ′ over Y 1,,
ramied only over z,0 and z,l.
T → Y 1, is split over xi (with i ∈ [0,mn − 1]) if and only if |q| in ∈
[|q| ln p
p
p−1 , p−
p
p−1 ], i. e.
i ∈ I2, := [ np
vp(q)(p− 1)
, l − np
vp(q)(p− 1)
].
There is suh an integer thanks to the assumption about l,m and n beause
lg(I2,) = l − 2 np
vp(q)(p− 1)
> 1
.
Let nally T ′′ be the essentially unique onneted topologial overing of
degree p of Y  and let us hoose an isomorphism from Z/pZ onto its Galois
group so that it beomes a Z/pZ-torsor. Let us then show that T, T
′
, and T
′′

onstitute a base of V.
Let i be an integer in I1,. As I1, ∩ I2, = ∅ and as T ′′ is everywhere split,
if aT + bT
′
 + cT
′′
 (the linear ombination is in the sense of the struture of
vetor spae V) is split over xi, c = 0. By the same argument with I2,, if
aT+ bT
′
+ cT
′′
 = 0, one gets b = 0, but as T is not trivial either, one indeed
gets that T, T
′
 and T
′′
 onstitute a base of V.
Assume now ab absurdo that |qα| > |qβ |, then I1,α ⊂ I1,β .
Let T0,β = aTβ + bT
′
β + cT
′′
β be the image of Tα by (φ
−1)∗ : Vα → Vβ (indeed,
phi indues suh a (φ−1)∗ aording to part 4.1.1).
Let i ∈ I1,α, Tα is split over xα,i, so, aording to setion 4.1.2, T0,β is split over
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xβ,i, and thus c = 0. Thus, T0,β is split over every xi if b = 0 or exatly over
the xi with i ∈ I1,β otherwise.
Yet, aording to setion 4.1.2, T0,β must be split exatly over the xβ,i suh that
Tα is split over xα,i, i. e. i ∈ I1,α.
Thus, one annot be in the ase b = 0 and I1,β and I1,α must ontain exatly
the same integers.
But this annot be if n >
vp(qβ)vp(qα)(p−1)
(vp(qβ)−vp(qα))p
, beause
lg(I1,β)− lg(I1,α) = 2 np
vp(qα)(p− 1) − 2
np
vp(qβ)(p− 1) > 2.

Remark:
Assume p 6= 2. Let {z,1, · · · , z,4} be four rational points in P1Cp , and let φ be
an isomorphism between the πtemp1 (P
1\{z,1, · · · , z,4}), whih identies zα,i
to zβ,i by the identiation of the usps of the graphs of the stable redution
(we assume that the urves have bad redution, and that the length of the edge
of the graph is l). Let E be the unique Z/2Z overing of P
1
ramied over
{z,1, · · · , z,4} and only over those points (the subgroups of index 2 orre-
sponding to E thus maps to eah other). E is a Tate urve with |q| = 2l.
By theorem (4.4), |qα| = |qβ | so lα = lβ , whih proves again theorem (4.3)
without assuming that the points are in Qnrp .
If p = 2 and l > 4, then E is also a Tate urve, |q| = 2l − 8 and the
previous argument works as well.
4.4 Case of a Mumford urve
4.4.1 Reminder on Mumford urves and urrents
Let X be a Mumford urve of genus g over K, let Ω ⊂ P1 be its universal
topologial overing, and Γ = Gal(Ω/X), so that X = Ω/Γ.
Let Φ be the retration of Ω, as a Berkovih spae, onto its skeleton T = T(Ω).
For z, z′ ∈ Ω, let us set
d(z, z′) = sup
x1,x2∈P1\Ω
|vp(z
′ − x1
z − x1
z − x2
z′ − x2 )|
whih is invariant under homographies. Moreover d(z, z′) only depends on Φ(z)
and Φ(z′), and it is nothing else than the distane between Φ(z) and Φ(z′) for
the usual metri struture on the tree of Ω (that we will also denote by d, so
that d(z, z′) = d(Φ(z),Φ(z′))).
If z ∈ Ω and λ > 0, let Uz,λ denote {z ∈ Ω/d(z, z′) 6 α}. It is an anoid
subspae of Ω.
Let L = P1\Ω, a ompat subset of P1. In [8, 1.8.9℄, Fresnel and van
der Put dene a measure on a pronite topologial spae Z as a funtion µ :
{ompat open subsets of Z} → Z suh that µ(U1∪U2)+µ(U2 ∩U1) = µ(U1)+
µ(U2) for every ompat open subsets U1, U2 of Z. The group of measures on
Z suh that µ(Z) = 0 is then denoted by M0(Z).
One an then assoiate to f ∈ O(Ω)∗ a measure µf on L. Following [8℄, we will
also all hole of an anoid U subspae of P1 every onneted omponent of the
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omplement of this anoid, and will note t(U) the set of its holes.
One gets the following exat sequene of groups ([8, Prop. 1.8.9℄):
1→ K∗ → O(Ω)∗ →M0(L)→ 0
More preisely, aording to [8, 1.8.10 ex. β℄, if a, b ∈ L and f : z 7→ z−az−b ,
µf = δa − δb.
For a general f0 ∈ O(Ω)∗ and µ = µf , µ is a weak limit of a sequene of Z-
linear ombinations (µk)k∈N of Dira measures. Then, if µk =
∑
ni(k)δai(k),
let fk =
∏
(1 − ai(k)z )ni(k). Then µfk = µk, and (fk) tends uniformly on every
anoid to an invertible funtion g. Then µg = µ and thus g = λf with λ ∈ K∗.
Aording to [16, prop. 1.1℄, one also has the following exat sequene (where
C(T) denotes the group of urrents with integral oeients on T):
1→ K∗ → O(Ω)∗ → C(T)→ 0
whih gives, with the previous one an isomorphism M0(L)→ C(T).
One an desribe this isomorphism in the following way : if e is an oriented
edge of T, P1\Φ−1(e) has two onneted omponents, and Φ−1(e) ∩ L = ∅ so
one gets a partition of L by two open subsets L1(e) at the beginning of e and
L2(e) at the end of e (one has for µ ∈ M0(L), µ(L1(e)) = −µ(L2(e)). Then
C(e) = µ(L2(e)).
more generally, K is a nite onneted subgraph of T (ontaining at least one
edge), Φ−1(K) is an anoid ontained in Ω. There is a natural bijetion between
t(Φ−1(K)) and the set of end points of K. Then, if µ ∈ M0(L), C ∈ t(Φ−1(K))
and e is the only oriented edge of K ending at the end point of K orresponding
to C, then C ∩L = L2(e) and thus C(e) = µ(C ∩L). In partiular µ(C ∩L) = 0
for every C ∈ t(Φ−1(K)) if and only if C(e) = 0 for every terminal edge of K, if
and only if C is zero on K.
Let Θ denote the group of theta funtions of X , that is the group of f ∈
O(Ω)∗ suh that for every γ ∈ Γ, z 7→ f(γz)/f(z) is a onstant funtion (this
means that the orresponding urrent is Γ-equivariant). Then, one has the
following exat sequene :
1→ K∗ → Θ→ C(Γ)→ 0
and thus Θ/K
∗
is a free Z-module of rank g.
One dedues from [15, prop. 2.1℄ that :
Proposition 4.5 for every n ≥ 2 and every Z/nZ-torsor Y over X, there exists
an element θ in Θ, unique modulo K
∗
Θn suh that Y ×X Ω = Ω[f ]/(fn = θ)
where Ω[f ]/(fn = θ) denotes the pullbak of the Z/nZ-torsor Gm
z 7→zn→ Gm
along Ω
θ→ Gm.
Conversely, for every θ in Θ, there exists a Z/nZ-torsor Y over X suh that
Y × Ω = Ω[f ]/(fn = θ).
Proof : Follow the notations of [15, setion 2℄. Then Ω∗ is a onneted omponent
of Y ×X Ω.
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Suppose rst that Y ×X Ω is onneted, so that Ω∗ = Y ×X Ω. Then, aording
to [15, prop. 2.1℄ there is a unique lattie T in (Θ/K
∗
) ⊗Q ontaining Θ/K∗
suh that, as a X-overing, Ω∗ = Ω(T ) := Ω ×SpecK[Θ/K∗] SpecK[T ]. Then
T/(Θ/K
∗
) is isomorphi to Z/nZ, and hoosing a f¯ generator of T/(Θ/K
∗
))
amounts to hoosing a Z/nZ-torsor struture on Ω∗.
If one takes f¯ i with i ∈ (Z/nZ)∗ as another generator, the torsor one gets is
Ω⊗i∗ . Thus by hanging the generator, one an get all the φ(n) Z/nZ-torsor
struture on the overing Ω∗ of Ω.
If f¯ is the generator orresponding to the Z/nZ-torsor struture on Y ×X Ω,
then θ is any lifting of f¯n ∈ T n/(Θ/K∗)n.
In the general ase Ω∗ aquires the struture of a Z/mZ-torsor over Ω with
m|n, and as before one an nd a unique θ0 modulo K∗Θm suh that Ω∗ =
Ω[f ]/(fm = θ0). Then Y ×X Ω = IndZ/nZZ/mZ Ω∗, and thus Y ×X Ω = Ω[f ]/(fn =
θ
m/n
0 ), and θ = θ
m/n
0 .
The seond statement omes from the fat that, if Ω∗ is a onneted omponent
of Ω[f ]/(fn = θ), Gal(Ω∗/X) is (non anonially) isomorphi to the diret
produt of Gal(Ω∗/Ω) and Γ (aording to [15, setion 2, intro.℄). Thus Ω∗ an
desend (non anonially) to X by onsidering Y0 = Ω∗/N where N is some
omplement of Gal(Ω∗/Ω) and Gal(Ω∗/X) (and thus Ω[f ]/(f
n = θ) by taking
a diret sum of Y0s. 
Remark: One ould also show it by onsidering J˜ = Hom(Θ/K∗,Gm)→ J
where J is the Jaobian variety of X and J˜ is its universal topologial overing,
and by showing that πalg1 (J˜) is a diret summand of π
alg
1 (J).
4.4.2 Preliminary results on the ramiations of torsors orrespond-
ing to urrents
Proposition 4.6 Let z ∈ Ω, λ > 0. Let f ∈ O(Ω)∗ suh that f(z) = 1. Let
µ be the measure on L orresponding to f and let us assume µ(C ∩ L) = 0 for
every hole of Uz,λ.
Then ∀z′ ∈ Uz,λ, |f(z′)− 1| 6 pd(z,z′)−λ
Proof : To simplify, assume z =∞.
Aording to [8, 1.8.10 ex. β℄ and [8, prop. 1.8.9.(i)℄, f = lim fk uniformly on
every anoid of Ω (in partiular over Uz,λ) where fk is of the following form
fk(z
′) =
sk∏
i=1
(1− xi,k
z′
)ni,k ,
and µk =
∑
i ni,kδai(k) → µ.
For k big enough, µk(C) = 0 for every hole C of Uz,λ and |f − fk|Uz,λ 6 p− λ.
We thus only have to prove the result for fk, whih is a produt of funtion suh
as g : z′ 7→ z′ = (1− x1z′ )(1− x2z′ )−1 = z
′−x1
z′−x2
with x1 and x2 in the same hole C
of Uz,α.
We thus only have to prove the result for g, whih is easily seen. 
Corollary 4.7 Let f ∈ O(Ω)∗ suh that f(z) = 1. Let U an anoid of Ω suh
that for every hole C of U , µ(C) = 0.
Assume that, for all z′′ ∈ Φ−1([Φ(z),Φ(z′)]), Uz′′,λ ⊂ U .
Then |f(z′)− 1| 6 p−λ.
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Proof : Let ǫ > 0. Let (zi)i=0···n suh that z0 = z, zn = z
′
, Φ(zi) ∈ [Φ(z),Φ(z′)]
and d(Φ(zi),Φ(zi+1)) 6 ǫ.
Then, aording to the previous proposition | f(zi+1)f(zi) − 1| 6 pǫ−λ.
Thus |f(z′′)− 1| 6 sup |f(zi+1) − f(zi)| 6 pǫ−α. Ones get the result by letting
ǫ going to 0. 
Corollary 4.8 Let f as previously, U suh that µ(C) = 0 for every hole C of
U . Let e a positive integer. Let λ > e + 1p−1 , let Y → Ω be nite overing
obtained by pulling bak Gm
z 7→zp
e
→ Gm along f : Ω→ Gm. Let V ⊂ U be suh
that ∀z ∈ V, Uz,λ ⊂ U .
Then Y is split over V .
Proof : We may assume V onneted, beause we only have to prove the result
for every onneted omponent of V . Let z ∈ V . Multiplying f by a onstant,
whih do not hange Y , we may assume that f(z) = 1.
From the previous orollary, f(V ) ⊂ D(1, p−λ). But, aording to lemma (4.2),
Gm
z 7→zp
e
→ Gm is split over D(1, p−λ), whih ends the proof. 
Proposition 4.9 Let C a urrent on T(Ω), orresponding to an invertible fun-
tion f on Ω. Let a a vertex of T suh that the restrition Ca of C the star of a
is not zero modulo n. Then, if Y → Ω is the nite overing obtained by pullbak
of Gm
z 7→zn→ Gm along f : Ω→ Gm , Y → Ω is not split over a.
Proof : Y → Ω is split over a if and only if there exists f1 ∈ OΩ,a suh that
fn1 = f|OΩ,a .
By multiplying f by a onstant, we may assume |f |a = 1.
If f1 exists, by looking at the residue eld k˜Ω,a ≃ k˜(X), f˜n1 = f˜ . If f˜1(z) =
λ
∏
(z − ai), f˜ = λn
∏
(z − ai)n, and so all the poles and zeros are of order a
muliple of n, whih ends the proof. 
4.4.3 The metri graph of the redution and the tempered funda-
mental group
Assume now that Xα and Xβ soient are two Mumford urves over K, but are
pullbak of urves overK (so that we may use [13, ex. 3.10℄), and that there is an
isomorphism φ : πtemp1 (Xα) = π
temp
1 (Xβ), whih thus induts an isomorphism
of graphs G(Xα)→ G(Xβ). Hene an isomorphism T(Ωα) ≃ T (Ωβ).
Theorem 4.10 The isomorphism Gα → Gβ of graph indued by an isomor-
phism πtemp1 (Xα)→ πtemp1 (Xβ) of topologial groups is in fat an isomorphism
of metri graphs.
Remark: SupposeXα andXβ are projetive lines minus four points a, b, c, d
with vp(a, b, c, d) = ewith an isomorphism φ between their tempered fun-
damental groups, and suppose p 6= 3. One an onsider a overing X ′α of order
three of Xα suh that the restrition to eah irreduible omponent of the stable
redution is onneted but it is split over the double point of the stable redu-
tion (and let X ′β be the overing of Xβ orresponding to X
′
α by φ, it satises the
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same properties). Then X
′
 is a Mumford urve (the orresponding overing
of eah irreduible omponent of the stable redution of X is ramied in only
two points, so it is a overing by a projetive line) whose tree has three edges,
eah of length e. Thus, by what has just been proven eα = eβ, whih ends the
proof for puntured lines.
One ould in fat do quite the same for more general puntured Mumford urve,
by onsidering, for an edge e of the graph, a tamely ramied overing by a Mum-
ford urve suh that there is an edge e′ over e whih is atually an edge of the
graph of the stable redution of the ompatiation of this overing.
Proof : A loop of a graph is a yli sequene of oriented edges of the graph
suh that the end of an edge is the beginning of the following edge, and whih
never goes by the same vertex or (unoriented) edge twie.
Let C be a loop of this graph, and note lg(C) the length of C with respet to
the metri d on G. Let C˜ be the universal overing of C, let C˜ → T a lifting of
C˜ → G and let z0 a vertex of T whih belongs to C˜, let us number then (zi)i∈Z
the verties of C˜ with the same image that z0 in G. Let L be another loop (we
hoose an orientation on it) of G (there must be another loop sine g > 1), let
L˜ be a lifting of L to T, let r = d(L˜, z0) (we may assume, by hanging the
numbering of the zi that for n > 0, d(L˜, zn) = r + n lg(C)) and let z
′
0 the
point of L˜ the nearest from z0 (this does not depend on ).
Let us note, for z a vertex of T, Fz the onneted omponent of Ω\{open edges of L˜}
whih ontains z.
Let e > 1 be an integer.
Let K0 be a onneted nite subgraph of T ontaining z1 (so that Φ
−1(|K0|) is
ompat by properness of Φ).
Let K a onneted nite subgraph (oiniding for  = α and  = β) T(Ω)
suh that for every z ∈ Φ−1(|K0|) Uz,e+2 ⊂ Φ−1(|K|) and suh that, for every
vertex z of L˜ ∩ K, {z′ ∈ Fz|d(z′, z) 6 e + 2} ⊂ Φ−1(|K|) (in partiular, if
z′ is a vertex of the boundary of K in T whih is not one of the end points of
the segment L˜ ∩ K, d(z′, L˜) > e + 2). Let K ′ be a ompat subgraph of T
oiniding for  = α and  = β suh that Φ−1

(|K ′|) ontains Uz,e+2 for every
z in Φ−1(K).
Let Γ = Gal(T/G), let H = Stab(L˜)(≃ Z) and let Γ′ be a subgroup of nite
index of Γ suh that, for every g 6= 1 ∈ Γ′, Φ−1

(|K ′|) ∩ g · Φ−1

(|K ′|) = ∅ and
for every g ∈ Γ\H , d(g · L˜, L˜) > diam(|K ′|)(A = {g 6= 1 ∈ Γ|Φ−1(|K ′|) ∩
g · Φ−1(|K ′|) 6= ∅} is nite by ompatness of Φ−1(|K ′|). So, as Γ is resid-
ually nite, there exists Γ′1 of nite index in Γ whih does not interset A.
B = {g ∈ Γ/H−H |d(g · L˜, L˜) 6 diam(|K ′|)} is also nite, and as H ∩Γ = H
in the pronite ompletion of Γ, there exists Γ′2 of nite index in Γ ontain-
ing H suh that Γ′2 ∩ B · H = ∅. We may then hose Γ′ = Γ′1 ∩ Γ′2). Let
H ′ = H ∩ Γ′. Let X ′ = Ω/Γ′ : its a nite topologial overing of X,
and the isomorphism φ : πtemp1 (Xα) ≃ πtemp1 (Xβ) induts an isomorphism
φ′ : πtemp1 (X
′
α) ≃ πtemp1 (X ′β).
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Let C0 be the urrent on T with C0(e) = +1 if e is an edge of L˜ (and e
has the good orientation) and 0 otherwise (exept if e is an edge of L˜ with the
wrong orientation, in whih ase C0(e) = −1) : this urrent is invariant under
H . Let Cα =
∑
g∈Γ′/H′ g · C0. It is a urrent on T, invariant under Γ′ and whih
oinides with C0 on K ′.
Let fα ∈ O(Ωα)∗ be the orresponding invertible funtion with fα(z0,α) = 1,
and let X ′′α be a (Z/p
eZ)-torsor of X ′α orresponding to that urrent, that is to
say suh that its pullbak X˜ ′′α to Ωα is isomorphi to Ωα ×Gm Gm → Ωα where
the ber produt is taken, on the left side, along fα and on the right side along
z 7→ zpe . Let X ′′β = φ′∗X ′′α (do not forget that X ′′β has no reason to orrespond
to the urrent Cα).
Let also f0, ∈ O(Ω)∗ be the invertible funtion orresponding to the ur-
rent C0 and let X˜0, be the orresponding (Z/peZ)-torsor on Ω. Reall that
this torsor is split over a point z ∈ T(Ω) of Ω if and only if d(z, L˜) > e+ 1p−1 .
Aording to orollary (4.8) applied to U = Φ−1(|K ′|) and to V = Φ−1(|K|),
the torsor X˜ ′′α − X˜0,α on Ωα, whih orresponds to the urrent Cα − C0 whih
is zero over K ′, is split over Φ−1(|K|) sine for every z ∈ Φ−1(|K|), Uz,e+2 ∈
Φ−1(|K ′|). Thus, for z ∈ K, X˜ ′′α is split if and only if X˜0,α is, if and only if
dα(z, L˜) > e +
1
p−1 .
In partiular X˜ ′′α is split over the verties of the boundary of K whih are not
the end points of K ∩ L˜. Thus, aording to the result of setion 4.1.2 applied
to X ′′α and X
′′
β (as Ω → X ′ is a topologial overing, X˜ ′′ → Ω is split over a
point if and only if X ′′ → X ′ over the image of that point), X˜ ′′0,β is also split
over the verties of the boundary of K whih are not the end points of K ∩ L˜.
Let Cβ be a urrent on T(Ωβ) orresponding to the Z/peZ-torsor X˜ ′′β (the
urrent orresponding to X˜ ′′β is well dened only modulo p
e
). Aording to
proposition (4.9), l the restrition of Cβ to the star of a vertex of K whih is
not an end point of K ∩ L˜ is zero modulo pe. One dedues from it that, modulo
pe, the restrition to K of Cβ must be ongruent to the restrition of aC0. By
adding to Cβ a urrent whih is a multiple of pe, we may assume that Cβ − aC0
is zero on K (beause every urrent with boundary on K, that is to say that
respet Kirhho's law in every vertex of the interior ofK but with no ondition
on the boundary of K, an be extended in a urrent on the whole T).
Thus, by applying orollary (4.8) to U = Φ−1(|K|) and to V = Φ−1(K0), one
may dedue that X˜ ′′β−aX˜0,β is split over |K0|, so if z is a vertex ofK0, X˜ ′′β is split
over z if and only if X˜0,β is (a is neessarily non zero modulo p
e
beause X˜ ′′β an-
not be split over z′0), if and only if dβ(z, L˜) > e+
1
p−1 , aording to lemma (4.2).
Therefore, dβ(z, L˜) > e +
1
p−1 if and only if dβ(z, L˜) > e +
1
p−1 if and only
if dα(z, L˜) > e+
1
p−1 for every vertex z ∈ K0.
As one may hoose K0 as big as one wants, one may dedue that for every z
of T, dα(z, L˜) > e +
1
p−1 if and only if dβ(z, L˜) > e +
1
p−1 , and this for every
integer e > 1.
Thus max(1, ⌈dβ(z, L˜)− 1p−1⌉) = max(1, ⌈dα(z, L˜)− 1p−1⌉).
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By applying it to (zi)i>0, one gets that for every i > 0,
max(1, ⌈i lgα+rα −
1
p− 1⌉) = max(1, ⌈i lgα+rα −
1
p− 1⌉).
One may dedue from this that for every loop C of G (and of every topologial
overing of G),
lgα(C) = lgβ(C).
One may onlude with the help of proposition (A.1). 
A A ombinatorial result
To end the proof of theorem (4.10), we will need to prove that one an reover
from the length of all the loops of every nite overing of G the length of every
edge of G. We thus have to prove a general result on graphs suh that the
valeny of every edge is at least 3.
To prove this, we will work by indution on the number of edges of the graph.
However, by removing an edge of our graph, one does not in general get a
graph suh that the valeny of every edge is at least three, and we may have
to onatenate two edges or withdrawing an other edge to apply our indution
assumption (but there will only be a few edges whose length annot be reovered
diretly by the indution assumption). To exhibit enough loops that go through
some edges we do not know yet the length thanks to the indution assumption,
we will have to distinguish many ases depending on the number of onneted
omponents of the subgraph of all the edges whose length is already known.
Proposition A.1 Let G be nite graph suh that the valeny of every vertex is
at least 3. Let f : {edges of G} → R be any funtion. Let us denote also by f
the indued funtion on the set of edge of a (topologial) overing of G. Let us
set, for C a loop of a overing of G, f(C) =
∑
x∈{edges of C} f(x).
If f(C) = 0 for every loop C of every overing of G, then f = 0.
Proof : Remark that if G is a nite graph suh that the valeny of every vertex
is at least 3 and if H is a onneted subgraph suh that the number of half-edges
of G\H whih ends in H is less than 3, then H is not a tree (if H is a tree with
at least one edge, H has at least two verties of valeny 1, and thus one already
has 4 half-edges of G\H whih must end in one of those two verties; if H is
only a vertex, it is equally obvious).
Let us go bak to our business. We will proeed by indution on the number
of edges of G.
Thus let (G, f) be a graph with n > 1 edges and a funtion f on the set of edges
of G whih verify the hypotheses of the proposition, and assume the proposition
to be true if G has less than n edges.
We may assume G to be onneted (otherwise we may use the indution hy-
pothesis to the various onneted omponents to onlude).
Let e be an edge of G, and start with assuming that:
1. the two end points of e are dierent. Let (m,n) be the arities of the end
points of e in G\{e}. By our assumption about G, m > 2 and n > 2.
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(a) If m > 3 and n > 3, G′ = G\{e} is still a graph suh that the
valeny of every vertex is at least 3, thus one may apply our indution
hypothesis to G′ and to f : f(x) = 0, for every edge G other than e.
i. If G′ is onneted, then one may nd a loop C of G that goes
through e, and then f(e) = f(C) = 0, whih implies the result.
ii. If G′ has two onneted omponents A and B (they annot be
trees aording to the remark at the beginning of the proof), one
may onsider two overings of order 2 A′ and B′ of A and B
respetively, that one pathes in a overing G′ of G of order 2.
Then there exist a loop C of G′ passing through the two edges
over e.
Then 2f(e) = f(C) = 0, whih gives the wanted result.
(b) If m > 3 and n = 2 (or the other way), then let a and b be the
two edges starting at the seond end point of e (if a and b are in
fat the two half-edges of a single edge, the graph has then the same
struture as the one of ase 2.().i, where it will be treated; thus
we will assume here that a and b are two dierent edges). Let G′
the graph obtained from G by withdrawing e and onatenating a
and b in a single edge that we will note a + b (and we will dene
f(a+b) = f(a)+f(b)). Then (G′, f) satises the required onditions
and so f(x) = 0 for every edge of G other than a, b and e. Depending
on the number of onneted omponents of G′′ = G\{a, b, e}, we will
distinguish several ases:
i. If G′′ has only one onneted omponent, then one may ontrat
G′′ to a point to get a graph G1 with three edges (indeed, every
loop C1 of G1 may be lifted to a loop C of G as G
′′
is onneted,
and f(C1) = f(C) sine f = 0 overG
′′
), and thus f(a)+f(b) = 0,
f(a) + f(e) = 0 and f(b) + f(e) = 0, whih gives the wanted
result.
A
a
b
e
a
b
e
ii. If G′′ has two onneted omponents A and B as in the piture
(now a, b and e will play the same role and the proof will be
the same if they are exhanged), then we start by onsidering a
onneted overing G1 of order 2 of G suh that its restritions
A′ and B′ to A and to B are onneted (there exist suh a ov-
ering as A and B annot be trees aording to the remark at
the beginning of the proof), then one may ontrat A′ and B′
into a graph G2. One gets f(b) + f(e) = 0, 2f(a) + 2f(b) = 0,
2f(a) + 2f(e) = 0, whih implies what we wanted.
iii. If G′′ has three onneted omponents A, B and C, then we start
by onsidering a onneted overing G1 of order 2 of G suh that
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A B
a
b
e
A′ B′
b1
b2
e1
e2
a1
a2
b1
e1 2a
b2
e2
its restritions A′, B′ and C′ to A, B and C are onneted,
then one may ontrat A′, B′ and C′. One may dedue that
2f(a) + 2f(b) = 0, 2f(b) + 2f(e) = 0, 2f(e) + 2f(a) = 0, whih
implies the result.
A
a
b
e
B
C
A′
B′
C ′
a1
a2
b1
e1
b2
e2
2a
2b
2e
() If m = n = 2, then let a, b be the two (half-)edges ending at one
end point of e and c, d the (half-)edges ending at the other end point
of e. Let G′ be the graph obtained from G by withdrawing e and
onatenating a and b into a + b, and c and d into c + d. If one
denes f(a + b) = f(a) + f(b) and f(c + d) = f(c) + f(d), (G′, f)
satises assumptions of the proposition, and so, by the indution
hypothesis, f(x) = 0 for every edge x of G else than a, b, c, d and e.
Let G′′ = G\{a, b, c, d, e}. Depending on the onneted omponents
of G′′, we will distinguish several ases :
i. If G has two onneted omponents, A ontaining one end point
of a and of b, and B ontaining one end point of c and of d (if (a, b)
or (c, d) are the two half-edges of a single edge, the graph has the
same struture as in ase 2.().ii.B; if (a, b) and (c, d) both make
single edges, then the struture is the one of the degenerate ase
of 2.().(ii)), then start by onsidering a onneted overingG1 of
order 2 of G suh that the restritions A′ and B′ to A and B are
onneted, and then ontrat A′ and B′. One gets, for example,
that f(c)+f(d), f(a)+f(b), 2(f(a)+f(e)+f(d)), 2(f(a)+f(e)+
f(c), 2(f(b) + f(e) + f(d)) = 0 , whih implies the result.
A B
a
b
e
c
d
A′ B′
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ii. If G has two onneted omponents, A ontaining an end point of
a and c, and B ontaining an end point of b and d, then onsider
as usual a onneted overing G1 of order 2 of G suh that the
restritions A′ and B′ to A and B are onneted, then ontrat
A′ and B′. One gets for example that f(a)+f(b)+f(c)+f(d) =
2(f(a)+ f(e)+ f(d)) = 2(f(b)+ f(e)+ f(c)) = 2(f(a)+ f(c)) =
f(b) + f(c) + f(e) = 0, whih implies the result.
A B
a c
b d
e
A′ B′
If (a, c) (or symmetrially (b, d)) are the two half-edges of a single
edge a, onsider a onneted overingG1 of order 2 ofG suh that
the restritions B′ to B and (a∪e)′ and a∪e are onneted. One
gets that f(a)+f(b)+f(c) = f(e)+f(b)+f(c) = 2(f(a)+f(e)) =
f(a) + f(e) + 2f(b) = 0, whih implies the result.
B
b
c
ea B′
If (a, c) and (b, c) are degenerated into two edges, then G only
has two verties and three arrows joining those two verties, and
the result is obvious.
iii. If G has two onneted omponents, A ontaining an end point
of a,b and of c, and B ontaining an end point of d. We already
know by indution hypothesis applied to G′ that f(c)+f(d) = 0.
Now, by ontrating A, one gets that f(a)+f(b) = f(b)+f(c)+
f(e) = f(a) + f(c) + f(e) = 0, whih implies the result.
A B
a
b
c
e
d
iv. If G has three onneted omponents, A ontaining an end point
of a, B ontaining an end point of b, et C ontaining an end point
of c and of d. Consider as usual a onneted overing G1 of order
2 of G suh that its restritions A′, B′ and C′ to A, B and C are
onneted, then ontrat A′, B′ and C′. One gets for example
that f(c) + f(d) = 2(f(a) + f(b)) = 2(f(a) + f(e) + f(c)) =
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2(f(b) + f(e) + f(c)) = 2f(a) + 2f(e) + f(c) + f(d) = 0, whih
implies the result.
A
B
C
a
b
e
c
d
A′
B′
C ′
If (c, d) is degenerated in a single edge c, the graph has the same
struture as in ase 2.().ii.A.
v. If G has three onneted omponents, A ontaining an end point
of a, B ontaining an end point of c, and C ontaining an end
point of b and d, then onsider a onneted overing G1 of order
2 of G suh that its restritions A′, B′ and C′ to A, B and
C are onneted then ontrat A′, B′ and C′. One gets for
example that f(b) + f(d) + f(e) = f(b) + f(d) + f(e) + 2f(a) =
2(f(a) + f(b)) = 2(f(d) + f(c)) = 2(f(c) + f(e) + f(a)) = 0.
A B
C
a
b
e
c
d
A′ B′
C
′
If (b, d) is degenerated into a single edge b, onsider a overing
G1 of order 2 of G suh that its restritions to A, B and b ∩ e
are onneted, then ontrat A′ and B′. One gets that 2f(a) +
f(e) + f(b) = 2(f(b) + f(e)) = 2f(c) + f(b) + f(e) = 2(f(a) +
f(b) + f(c)) = 0.
A
B
a
c
eb
vi. If G has four onneted omponents, A ontaining an end point
of a, B ontaining an end point of c, C ontaining an end point of
b and D ontaining an end point of d, then onsider a onneted
overing G1 of order 2 of G suh that its restritions A
′
, B′, C′
and D′ to A, B, C and D are onneted then ontrat A′, B′,
C′ and D′. One gets for example that 2(f(b) + f(d) + f(e)) =
f(b)+f(d)+f(e)+2f(a) = f(b)+f(d)+f(e)+2f(c) = 2(f(b)+
f(a)) = 2(f(c) + f(d)) = 0.
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A C
B D
a
b
e
c
d
A′ C ′
B
′
D
′
vii. If G has a single onneted omponent A, then ontrat it. One
gets that f(a) + f(b) = f(c) + f(d) = f(a) + f(c) + f(e) =
f(b) + f(c) + f(e) = f(a) + f(d) + f(e) = 0, whih implies the
result.
A
a
b
e
c d
2. the two end points of e are a same vertex, and let m be the valeny of this
vertex in G\{e}. One has m > 1.
(a) Assume m > 3. Then G\{e} satises the assumptions of the propo-
sition and thus by indution hypothesis f(x) = 0 for every edge of G
else than e, and as e is already a loop, f(e) = 0 too.
(b) Assume m = 2, and let a and b be the two edges ending at the end
point of e (if a and b are in fat only the two half-edges of a single edge,
G is only the wedge of two loops, and the result is obvious). Let G′ be
the graph obtained from G by withdrawing e and by onatenating
a and b in an edge a+ b and dene f(a+ b) = f(a) + f(b). Then G′
satises the assumptions of the proposition and thus, by indution
hypothesis, f(x) = 0 for every edge x else than e, a et b. Depending
on the onneted omponents of G′′ = G\{a, b, e}, we will distinguish
the following ases :
i. If G′′ has a single onneted omponent A, then onsider a ov-
ering G1 of order 2 of G suh that its restritions to A and e
are onneted, then ontrat A′: one gets a graph G2. One gets
2f(a) + f(e) = 2f(b) + f(e) = 2f(e) = 0, whih implies the
result.
A
a
b
e
A′
ii. If G′′ has two onneted omponents, A ontaining the end point
of a, and B ontaining the end point of b. Consider a overing
G1 of order 2 of G suh that its restritions A
′
and B′ to A and
B are onneted and suh that its restrition to e is onneted
too, then ontrat A′ and B′ to get a graph G2. One gets that
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2f(a) + f(e) = 2f(b) + f(e) = 2f(e) = 0, whih implies the
result.
A
B
a
b
e
A′
B′
() Assume m = 1, and let a be the edge ending at the end point of e.
Let n be the valeny of the other end point of a. One must have
n > 2.
i. Assume n > 3. Then G′ = G\{a, e} satises the assumptions
of the proposition, so, by indution hypothesis, f = 0 over G′.
Consider now a overing G1 of order 2 of G suh that its restri-
tions to G′ and to e are onneted, and ontrat the preimage of
G′. One gets 2f(e) = 2f(a) + f(e) = 0, whih implies the result
A
a
e
A′
ii. Assume n > 2, and let c and d be those two edges (if they
only are the two half-edges of a single edge, G is made of two
loops joined by an edge; one shows the result for this partiular
graph by by onsidering the overing of order 2 whose restri-
tions to the loops are onneted). Let G′′ be the graph obtained
from G′ by onatenating c and d into c + d and let us dene
f(c+d) = f(c)+f(d). G′′ satises the assumptions of the propo-
sition, and so f(x) = 0 for every edge x of G else than a, e, c and d
(and, in fat, f(e) = 0 too). Let G′′′ = G\{a, c, d, e}, and distin-
guish the following ases depending on the number of onneted
omponents of G′′′.
A. If G′′′ has two onneted omponents, C ontaining the end
point of c and D ontaining the end point of d, onsider a
overing G1 of G suh that its restritions C
′
, D′ and e′ to
C, D and e are onneted, then ontrat C′, D′ and e′, one
gets 2f(a) + 2f(c) = 2f(a) + 2f(d) = 2f(c) + 2f(d) = 0,
whih implies the result.
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CD
c
d
a
e
C ′
D′
B. If G′′′ has a single onneted omponent A, onsider a over-
ing G1 of G suh that its restritions A
′
and e′ to A and e are
onneted, then ontrat A′ and e′, one gets 2f(a)+2f(c) =
2f(a) + 2f(d) = 2f(c) + 2f(d) = 0, whih implies the result.
A
c
d
a
e
A′

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